The steady flow of spherical particles in a rectangular bin is studied using the Discrete Element Method (DEM) for different flow rates of the particles from the bin, in the slow flow regime. The flow has two non-zero velocity components and is more complex than the widely studied unidirectional shear flows. The objective of the study is to characterize, in detail, the local rheology of the flowing material. The flow is shown to be nearly constant density, with a symmetric stress tensor and the principal directions of the stress and rate of strain tensors nearly colinear. The local rheology is analyzed using a coordinate transformation which enables direct computation of the viscosity and components of the pressure assuming the granular material to be a generalized 
I. INTRODUCTION
Granular flows occur widely in industrial and natural systems 1, 2 . Examples include mixing and segregation of granular mixtures 3 , transport of particulates on conveyor belts 4,5 , hopper discharge 6, 7 in industry and debris flows 8 , snow and rock avalanches 9 in geophysical settings. In most cases, the system geometry is complex, hence, computational modelling of the flows is required. Currently, the discrete element method (DEM) [10] [11] [12] [13] [14] is being extensively used since good predictions are obtained if particle properties and inter-particle forces are accurately incorporated in the simulations. The method provides access to particle-level information, which is often infeasible to obtain in experiments, and hence DEM has emerged as a powerful and reliable tool for studying the mechanics of granular media in the last four decades [11] [12] [13] [14] [15] . However, discrete element computations are subject to the limitation of large computation times for systems with a large number of particles, which is typical in industrial and geophysical flows [16] [17] [18] . Continuum models of granular flows are more suitable than DEM for such large systems. In addition to conservation equations, continuum models require equations to describe granular material behaviour 19 . Although some constitutive models may be derived from first principles, most of the practically useful models have an empirical component and the model parameters of such constitutive equations need to be determined from experiments 20 . This is the case for many complex fluids for which constitutive equations are incorporated into computational fluid dynamics codes for analysis of complex flow problems 21 .
Granular rheology, which has the objective of developing constitutive models for flow of particles, has been the subject of in-depth study for more than six decades , with the pioneering work of R. A. Bagnold 22 being an important initial milestone. Today, it is reasonably well-understood to the point that it is being employed for continuum simulations of many different kinds of granular flows [48] [49] [50] [51] . Kinetic theory applied to grains has provided the theoretical foundation for development of granular rheology 23, 24 . Using methods of dense gas kinetic theory, the balance laws for mass, linear momentum and fluctuation energy are derived for inelastic particles 52 . The equations are similar to those for non-isothermal flow of a Newtonian fluid, but with different constitutive relations, which incorporate the energy loss due to inelastic collisions 24, 25, 46, [53] [54] [55] . Several empirical approaches have also been suggested 31, 35, 37 . The µ-I model 31 is a notable recent development and is discussed 2 below. It has the structure of generalized Newtonian fluid with a yield stress and has been found to give good predictions of the flow in a number of systems 31, 34, 39, 43, 45, 56, 57 . Barring a few exceptions 45, 56 , most of the studies to validate the µ-I model have been done for unidirectional shear flows.
Non-zero normal stress differences, a deviation from Newtonian behaviour, have been observed in granular shear flows 54, 55, [58] [59] [60] [61] [62] [63] . Their origin is attributed to two primary factors: anisotropy in velocity fluctuations 55,60 and microstructural changes due to inelastic collisions 62 . In a recent work, Saha and Alam 55 showed that the normal stress differences for frictionless, inelastic particles in a simple shear flow are predicted by granular kinetic theory when second order Burnett terms are incorporated. The main contribution to the normal stress differences is due to anisotropy in the streaming normal stress components, arising from anisotropic velocity fluctuations 55 .
The objective of the present work is to obtain an empirical constitutive model for slow flow of granular material based on detailed analysis of data, with low error limits, generated by DEM simulations. A relatively complex steady flow in three dimensions, with two nonzero velocity components, is considered in conjunction with a transformation to enable unambiguous characterisation of the local rheology. Data are also presented for rheology of unidirectional shear flow (one non-zero velocity component) for comparison. The paper is organized as follows. Sec. II provides details of the computational set-up and procedure followed for conducting the simulations presented in this study. The results are discussed in Sec. III, followed by conclusions in Sec. IV.
II. SIMULATION DETAILS
Computations are carried out by means of the soft-particle discrete element method to simulate the flow of particles in a rectangular bin and over a bumpy inclined surface; the typical snapshots of both systems are shown in Fig. 1 .
A flat frictional wall is used as the base for the bin and periodic boundary conditions are applied along all four sides. The width (W ) and thickness (L) of the bin are taken to be 30d and 8d, respectively, where d is the mean diameter of the particles. The particles exit from a rectangular outlet, located at the center of the base of the bin, of width D o and spanning the thickness of the bin ( Fig. 1(a) ). Three different outlet widths (6d, 7d and 8d) are used, 3 all larger than 5d in order to avoid arch formation and thus ensure a continuous flow of particles through the outlet 64, 65 . The number of particles used is 10,000, corresponding to an initial fill height H 36d. The particles leaving the bin from the outlet are reinserted with zero velocity at random horizontal locations at heights 1d − 6d above the free surface, as shown in Fig. 1(a) , thereby maintaining the fill height.
The inclined surface flow is simulated on a bumpy base comprising monodisperse spherical particles of diameter d = 1, which is constructed by taking a slice of 1.2d thickness from a randomly closed packed configuration (see Fig. 1(b) ). The length and width along the flow direction (x) and vorticity direction (z) are 15d and 8d, respectively. Periodic boundary conditions are applied along the x and z directions. We verified that the results are independent of system size by considering an inclined surface flow with twice of the width along z direction. 5000 particles are used in the inclined surface flow simulations, which yields a flowing layer height approximately equal to that for the bin flow (36d). The angle θ of inclined surface is varied from 19.5
• to 22.5
• , with an increment of 0.5
• .
The particles are considered to be inelastic and frictional spheres with a mass density ρ. A size polydispersity of ±10% is incorporated around mean diameter d, in order to prevent ordering in the system. The contact force between particles is modelled as a linear spring-dashpot along with a frictional slider [66] [67] [68] . The normal component of the contact force comprises spring and viscous damping forces, whereas only a dashpot is employed for computing the tangential component, i.e., tangential spring stiffness k t = 0. The friction is modelled following Coulomb's friction criterion 69 . The wall-particle contacts are modelled in the same manner as for particle-particle interactions.
All quantities of interest are made dimensionless by using d, ρ and gravitational acceleration g as characteristic parameters. In this study, the dimensionless normal spring stiffness, the restitution and friction coefficients for particle-particle interaction are k n = 10 6 , e p = 0.9 and µ p = 0.4, respectively. The restitution coefficient is independent of the impact velocity for linear spring-dashpot model and relates to the damping coefficient and normal spring stiffness 66, 70 . The damping coefficients are taken to be equal for normal and tangential directions. The values of normal spring stiffness, restitution and friction coefficients for wall-particle interactions are same as those for particle-particle contacts. The equations of motion are integrated by utilizing the velocity-Verlet 71,72 integration scheme with a time step equal to ∆t = 10 
where i = {x, y, z}, c ji is the i th component of the instantaneous velocity of particle j and N b is the number of particles lying within w/2 distance from the bin center such that
, and r j =(x j ,y j ,z j ) and r b =(x b ,y b ,z b ) are the coordinates of particle j and bin center, respectively. The solid fraction (φ) of particles is calculated as
where V j and V b are the particle volume and bin volume, respectively. The components of fluctuation velocity vector u are calculated as
where v ji are the components of the mean velocity vector v j computed at the center of particle j as, following Artoni and Richard 74 ,
where ∇v is the velocity gradient tensor at the bin center. The total stress tensor σ comprising collisional σ c and streaming σ s components is given as
The collisional stress tensor is computed as
where f ij is the force exerted on particle i due to contacting particle j and r ij = r i − r j , N c is the number of contacts, and ⊗ denotes the dyadic product. The contribution of collisional stress in a bin is considered based on the location r c of the contact between particles i and j, where r c = r j + R jn , R j is radius of particle j andn = r ij /|r ij |, such that |x c − x b | ≤ w/2, |y c − y b | ≤ w/2 and |z c − z b | ≤ w/2 and r c =(x c ,y c ,z c ). The streaming stress tensor is given
where
III. RESULTS AND DISCUSSIONS
A. Flow characteristics In order to avoid boundary effects, the results presented for the bin flow in the rest of this paper are for the region excluding a strip of thickness 5 particle diameters above the base and 9 particle diameters below the free surface, as indicated by the dashed lines in Fig. 2(c) . 
being the rate of deformation tensor given by the symmetric part of the traceless velocity gradient tensor, which is obtained from
In most of the region, the dilation rate (∇ · v) is less than 10% of the shear rate ( Fig. 3(a) ).
The distribution of the scaled dilation rate (f ( )), shown in Fig. 3(b) , also indicates that the dilation is small relative to the shear rate over most of the domain and the maximum value of the distribution function is nearly same for all outlet widths D o . Slightly higher values of are obtained here than earlier results in two dimensions 45 , shown as a dashed line in 4(a) shows the distribution function f (α) for the angle α between the principal directions of the rate of deformation tensor D and deviatoric stress tensor τ = −σ + P I, where P = tr(σ)/3 is the pressure. The angle α is calculated by considering the absolute value of the dot product between the eigenvectors of τ and D, corresponding to the eigenvalues having the same sign. The peak occurs close to zero and the peak value of the distribution function rises as the outlet size becomes larger (Fig. 4(a) In order to ascertain symmetry of the stress tensor σ, the stress components τ xy and τ yx are plotted for every point in the region of interest in Fig. 5 . All points lie on the diagonal |τ xy | = |τ yx |, confirming the symmetry of the stress tensor. 
B. Analysis of local rheology
The results presented in the preceding section show that the stress tensor is symmetric to a high degree of accuracy. This implies that the angular momentum balance equation is identically satisfied 78 . Further, the scaled dilation rate is small, indicating the flow may be approximated to be isochoric and the governing equations for the flow reduce to
In general, an additional equation for the balance of the kinetic energy of the velocity fluctuations (u) is required. Here, our approach is to seek scaling relations for u so as to eliminate the need for the energy equation.
The principal axes of the deviatoric part of the stress tensor (τ ) and the rate of strain tensor (D) are also shown to be nearly colinear, which is consistent with the granular material being a generalized Newtonian fluid, for which the total stress tensor (σ) is given
where η is the viscosity and
is the pressure tensor, taking into consideration that the components of the pressure may be different in magnitude. We transform the local coordinate system, following Bhateja and Khakhar 45 , to obtain the components of the pressure and the viscosity, assuming the material to be described by Eq. (11). As shown below, any two-dimensional isochoric flow can be linearized at a point and transformed to the following form 
Since the diagonal components of the velocity gradient tensor are zero, the normal stress components for a generalized Newtonian fluid do not have a viscous contribution and are entirely due to the pressure. The stress tensor thus simplifies to
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where τ x y is the shear stress and P x , P y and P z are the components of the pressure. In the transformed coordinates, the relation between the shear stress and shear rate can be directly obtained as can the individual components of the pressure.
The transformation of the velocity gradient tensor is carried out as follows. The isochoric part of the velocity gradient tensor (G) is obtained from Eq. (8). Transforming G into a tensor with zeros as diagonal elements is equivalent to transforming G = Q · G into a diagonal tensor, where Q = [0 1; −1 0] is the orthogonal rotation matrix. The latter transformation corresponds to finding the eigenvalues of G as
where k is the eigenvector for eigenvalue λ. Taking into account the condition tr(G) = 0, the general form for G is
which yields the following eigenvalues of G
Since the term in square brackets in Eqs. (18) and (19) is always positive, real eigenvalues are obtained for all G. This proves that every two-dimensional isochoric flow can be cast in the form given in Eq. (13). The transformed tensor is then
using the identity Q T · Q = I.
The basis vectors for the transformed coordinate system are k 1 , k 2 and k 3 , where k 1 and k 2 are the eigenvectors, of unit magnitude, corresponding to eigenvalues λ 1 and λ 2 , respectively, and k 3 = e z is the unit vector normal to k 1 and k 2 , where e z is the unit vector in the z-direction. Based on the above transformation, the viscosity is given by
13 and the components of the pressure are given by
with P z = σ zz .
C. Scaling relations
We consider here empirical scaling relations for the viscosity, volume fraction, fluctuation the results presented for the inclined surface flow are for the region lying 5 particle diameters above the base and 6 particle diameters below the free surface. Only data points with standard error 76 less than 2% of the mean value are considered in the analysis, unless stated otherwise. By doing so, we ensure that the spread in the data is inherent and not because of the computational error. The objective is to obtain simple but accurate relations for the rheological parameters. A number of different empirical correlations were considered; we report here only those that gave the best results for our systems.
Consider first a comparison of the simulation data to the model of Jop et al. 31 , for which the viscosity is given by
where µ is the friction coefficient defined as
with the shear rate given byγ = (2D : D) 1/2 = 2|D xy | and the pressure by P = (P x + P y + P z )/3. The above definitions are in terms of the transformed coordinates. The variation of the friction coefficient (µ) with the inertial number (I) is shown in Fig. 7 for both bin flow and inclined surface flow, where the inertial number, a scaled shear rate, is defined as
The data for bin flow for the different outlet sizes collapse reasonably well to a single curve, as found previously for different systems 31, 34, 39, 56 . The spread in the data for the bin flow is 
where µ s , µ m and I 0 are model parameters. The inclined surface flow data are also well described by Eq. (27) (solid line in Fig. 7 ), but the data for the inclined surface flow do not fall on those for bin flow, as reported by us for the case of two-dimensional systems 45 .
Fitted values of the model parameters for both flows are given in the inset of The difference in the data for bin flow and inclined surface flow is not directly related to the flow type parameter (ψ), as shown previously for two-dimensional systems 45 . Fig. 8 shows the variation of number density (n) with height (y) for the inclined surface flow; the scaling. The data are fitted to a power law relation,
and fitted values of the model parameters, a and b, are given in the inset of Fig. 9(a) , considering data points with I > 0.01. Fig. 9(b) shows the data and fitted curve on a log scale, where the deviation of the data at low I from the correlation is evident. The inclined surface flow shows a similar variation as bin flow but with a lower viscosity: the exponent in the power law (b) is the same as that for bin flow but the value of the prefactor (a) is higher. (9) and (10) to obtain the fluctuation velocity field, which would increase the computational difficulty of the problem. Here, we consider obtaining an empirical relation for u. Kinetic theory indicates that the pressure scales as P = ρu 2 f (φ) 52 . We thus define the scaled fluctuation velocity as u = u/(P/ρ) 1/2 . The variation of u 2 with I is shown in Fig. 10 for both systems. Again, the data for all outlet sizes for the bin flow collapse very well to a single curve, while higher values are obtained for the inclined surface flow. A power-law expression fits the data for both systems The data collapse obtained for u with I in Fig. 10 implies that Eqs. (28) and (29) can be combined to eliminate u for a scaling of the viscosity with the shear rate asη = η/(ργd 2 ), which varies with inertial number as
where m and n are the model parameters. The variation of 1/η with I is shown in Fig. 11 for all outlet sizes for the bin flow and all inclinations for the inclined surface flow, considering the data points where standard error is less than 5%. Here, the upper bound of standard error is relaxed as a sufficiently large number of points are not obtained while taking the upper limit to be 2%. Expectedly, the data collapse quite well for both systems, considering the data collapse for η and u. for I > 0.003 are considered for fitting and the fitted model parameters for each system are given in the inset of Fig. 11(a) . The exponent n is similar for the two systems, as also seen for the case of η. Of the three cases considered, i.e., µ, η andη, the viscosity scaled with the shear rate (η) gives the best collapse of data. We note that 1/η corresponds to a local Reynolds number based on the shear rate, Re G = ργd 2 /η. The data in Fig. 11 show 
with the bin flow data fitted in two inertial number ranges, i.e., I ≤ 0.03 and I > 0.03; φ m .
The fitted values of the model parameters, r and s, of both systems are given in Table I . 
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D. Normal stress differences
In the transformed coordinates, the normal stresses correspond to the components of the pressure, as shown in Eq. (15) . Fig. 13 shows the variation of the normal stress differences normalized by the pressure (N 1 = (σ xx − σ yy )/P and N 2 = (σ yy − σ zz )/P ) with the inertial number (I) for bin flow for different outlet sizes. The in-plane, first normal stress difference (N 1 , Fig. 13(a) ) is close to zero over the range of inertial numbers studied and the second normal stress difference (N 2 , Fig. 13(b) ) is positive and increases with inertial number.
These results are in agreement with earlier computational 34, 59, 61, 63 and theoretical 55 results for shear flow. 
IV. CONCLUSIONS
A detailed analysis of granular rheology in a steady flow from a bin, a flow with two nonzero velocity components, was presented based on DEM simulations. Three different outlet sizes were used, which gave a nearly two fold variation of the flow rate from the bin. viscosity (η) and components of the pressure (P x , P y , P z ). Scaling relations were presented to enable computation of the rheological parameters, with the purpose of utilization in computational fluid dynamics (CFD) calculations of granular flows in complex geometries.
Only data with a sufficiently small standard error were considered in the analysis, to ensure reliability of the results.
The data for the friction coefficient µ versus the inertial number I showed a reasonably good collapse and was described by Eq. The results presented above indicate that the governing equations for the two-dimensional flow considered are given by Eqs. (9) and (10), with the stress constitutive equation
where D = (∇v + ∇v T )/2 and P = (σ xx + σ yy )/2, since the pressure is isotropic in the 
